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This is a theoretical treatment of the method involving the superposition of an alternating voltage of low amplitude to the 
voltage applied to a polarographic cell. It is shown that the alternating current at the half-wave potential is proportional 
to the concentration of reducible substance and to the square root of the frequency of the alternating voltage. Theoretical 
results are compared with experimental data. Conclusions as to the application of the method in derivative polarography 
are drawn. 

Introduction 
Miiller and co-workers1 were the first to demon

strate the possibility of carrying out polarographic 
measurements by superposing an alternating volt
age of low amplitude to the voltage applied to a 
polarographic cell. It was shown by Miiller, 
et al., that half-wave potentials could be measured 
very accurately by this method.2 Attempts to 
determine the concentration of reducible substance 
by measuring the alternating current through the 
polarographic cell were made by MacAleavy3 

and by Sample.4 These authors pointed out that 
the. alternating current exhibits a maximum at the 
half-wave potential; they also observed that the 
alternating current at £1/2 is proportional to the 
concentration of reducible substance. Extensive 
data on the application of the. method, however, 
were reported neither by MacAleavy nor by 
Sample. Recently, Breyer, Gutman and Hacobian5 

made a rather thorough experimental investigation 
of this method and they concluded that alternating 
polarographic currents have definite potentialities 
in analytical chemistry. These authors and those 
previously mentioned1-4 applied to the polaro
graphic cell an alternating voltage of 50 or 60 cycles 
per sec. Consequently, capacity currents resulting 
from the existence of a double layer at the elec
trode are rather high, and the results can be affected 
by a large error. This cause of error can be. mini
mized by using low frequencies (6 cycles per sec.).6 

Breyer and Gutman in a series of papers7 de
veloped a theory of alternating polarographic 
currents. These authors, however, did not take 
into account, in a satisfactory manner, the diffusion 
phenomenon at the electrode surface, and their 
views were seriously questioned by Randies.8 

No theoretical treatment of alternating polaro
graphic currents for reversible electrode processes9 

has appeared in the literature since the publications 
of Breyer and Gutman, and consequently the pres
ent study was undertaken. 
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Derivation of Current 
Boundary Condition.—We consider the reversible polaro

graphic reduction of a substance Ox to Red, and we assume 
that substance Red is soluble either in the aqueous phase or 
in mercury. Let C(x,t) be the function representing the 
concentration of reducible substance in terms of the distance 
x from the electrode and the time t elapsed since the begin
ning of the electrolysis. It is shown in the classical theory 
of polarography that the relationship between the concen
tration of reducible substance at the electrode surface, 
C(o,t), and the potential E of the dropping mercury elec
trode is 

where i£i/s is the half-wave potential, Co the bulk concen
tration of substance Ox, and the other notations are conven
tional.10 If potential E is not very different from the half-
wave potential (see below), equation (1) can be simplified 
by writing C(o,t) as a function of E and by expanding the 
exponential function thus obtained. By retaining the first 
two terms in the series, one has 

C(o,0 - f [ l + | | ( £ > / , - E ) ] (2) 

Assume now that potential E varies periodically accord
ing to the function 

E = E'/, + v sin wt (3) 

where v is the. amplitude of a small alternating voltage super
posed to the voltage applied to the cell; w is related to the 
frequency f of the alternating voltage bv the equation o> = 
2TT/. 

By combining (2) and (3) one obtains the boundary con
dition for which the diffusion problem should be solved. 
Thus 

n <\ & Co nF . , s 

C(o,0 — v, = 9 -nf "<•' sin w/ (Ai 

Variations of Concentration.—Since the variations of po
tential are very rapid in comparison with the rate of the dif
fusion phenomenon at the electrode, it is possible to apply 
the differential equation of linear diffusion to the case of the 
dropping mercury electrode. To solve the boundary value 
problem, it is convenient to introduce the function u de
fined by the equation 

u(x,I) = C(x,t) - (Co/2) (o) 

In terms of this new function the initial and boundary 
conditions are as follows: u(x\o) — 0, and n(o,t) ~ 

— Y r, ; r J'sin w? (see equation (4)i. The solution of the dif-

fusion problem for this boundary condition can be obtained, 
for example, by the Laplace transformation11 and the sub
sequent use of the inversion integral.12 In this manner one 
obtains,1 ' after returning to the function C(x,t), the con
centration as a function of time / and distance .Y from the 

(10) I. AI. Kolthoff and J. J. I . ingane. " P o l a r o g r a p h y , " In tersc i -
ence Publ i shers , Inc . , X e w Vork, X. Y. 1941, pp. 143-144. X o t e t h a t 
t he Amer ican conven t ion of e lec t rode signs is used here in o rde r to 
m a k e the cu r r en t increase with more posi t ive po ten t ia l s . 

(11) H . S. Cars law and J. C. Jaeger , " C o n d u c t i o n of H e a t in So l ids , " 
Oxford Univers i ty Press, Oxford. 1947. p 259 

(12) For a deta i led discussion of t he me thod see R. V. Church i l l . 
" ,Modern Opera t iona l M a t h e m a t i c s in Eng ineer ing , " M c G r a w - H i l l 
Book Co., X e w York, X". Y., 1944, pp . 128-178. References to mono-
g raphs on this subject a re given in this t ex tbook . 
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electrode. Thus, the alternating term in the equation for 
C(x,t) is 

CW) = f j l -

ftv exp • [ -x Qk) V']sin ["' - * (ir0) '
Al ( (« 

Equation (6) is an approximate solution of the present 
boundary value problem. Indeed, the initial condition was 
written as u(x,o) = 0 or C{x,o) = Co/2, whereas actually the 
concentration varies from Co/2 at x = 0 to Co for x = <= . 
However, the use of an approximate initial condition is 
justified, because the gradient of concentration correspond
ing to the alternating current is much larger than the gra
dient corresponding to the direct electrolysis current at the 
half-wave potential. Therefore, the influence of the alter
nating current does not extend in a region of the solution 
where the concentration is markedly different from Co/2. 

Equation (6) was derived by assuming that the potential 
is not very different from £'/2, i.e., that C{o,i) is not very 
different from Co/2. Therefore, one concludes from (6) 
that the following condition should be satisfied 

For a temperature of 25°, inequality (7) is 

i « 0.025 volt (8) 

From (8) one concludes that the present treatment is 
valid only when the amplitude of the alternating voltage 
applied to the polarographic cell is of the order of a few 
millivolts. 

Current.—The current is obtained by calculating the flux 
at the electrode surface {x = 0) from equation (6) and by 
multiplying the result by the diffusion coefficient D of the 
reducible substance, and by the charge involved in the re
duction of one mole of substance Ox. Thus, the alternating 
current flowing through the cell at the half-wave potential is 

1 n"Fs 

I'P = ^77 -^=- /1.D1ACoW1A i,{sin ut + cos ut) (9) 
Z /2 Kl 

where A is the area of the electrode and the other symbols 
were previously defined. 

Equation (9) can be transformed by combining the trig
onometric functions and by calculating the area A of the 
electrode in terms of the characteristics, m and T, of the 
capillary. After numerical transformations, one obtains 
the following equation for the current corresponding to the 
maximum size of the mercury drop 

J'P = Knhn°hT-h~Dlh C0W
1A1. sin (at + J j (10) 

where K is a numerical constant equal to 0.0160 for 25°, ip 
is in amperes, m in mg. sec . - 1 , T in s ec , D in cm.2 sec. - 1 , 
Co in millimoles per liter, to = 2ir/, / being in cycles per sec , 
and v in volts.13 

The following properties of alternating polarographic 
currents are immediately derived from equation (10): (1) 
The current j p is proportional to the concentration of reduc
ible substance. (2) JP is proportional to the square root of 
the frequency of the voltage applied to the cell. (3) Current 
J'P leads the voltage v by ir/4. 

It should be recalled here that the derivation of current 
ip is approximate. Consequently, the actual value of the 
numerical constant K could possibly differ from the value 
0.0160 obtained in the present derivation (see Experimental 
part) . 

Admittance at £1/2-—Since current ip varies with the 
amplitude of the voltage applied to the cell it is convenient 
to consider the admittance at the half-wave potential. 
This quantity is defined by the equation 

IV2 = Knm 2A 7 V. D1AC0W V* (11) 

in which YyZ1 is in ohms - 1 , and the other units are the same 
as in equation (10). One deduces from (11) that the ad
mittance at the half-wave potential is proportional to Co and 
W1A. 

(13) In connection with equations (9) and (10) see E. Warburg, 
Ann. Physik, [4] 6, 125 (1901), and T. R. Rosebrugh and W. L. Miller, 
J. Phys. Chem., 14, 816 (1910). Alternating electrolytic currents are 
treated in these papers. 

Influence of the Capacity Current and Ohmic Drop.—In 
the above derivation, the influence of the capacity current 
and the ohmic drop was not taken into account. This 
matter is discussed in the present section. 

In order to simplify the discussion it is convenient to use 
the equivalent circuit of the polarographic cell. This cir
cuit is composed of the "polarization" impedance (sometimes 
referred to as the Warburg impedance13) in parallel with the 
capacity of the double layer at the half-wave potential. 
These two elements are in series with the resistance of the 
cell and that of the measuring circuit. The relationships 
between voltages and currents are given in the diagram of 
Fig. I.14 Vector OA, representing the amplitude of the 
voltage applied to the cell and the measuring circuit, is the 
sum of the ohmic drop BA in phase with the current and 
the voltage OB applied to the polarization impedance and 
double layer. The alternating polarographic current ip 
(equation (10)) leads the voltage OB by ir/4, and the ca
pacity current J0 leads OB by 7r/2. The total current OE 
which is the vectorial sum of iv and ic leads the voltage OA 
by an angle <p. 

Fig. 1.—Relationship between voltages and currents. 

Determination of the Corrected Value of ip.—In actual 
measurements the following data are obtained: the total 
current it, the capacity current J0 (by carrying measurements 
with the supporting electrolyte alone), the total resistance 
of the measuring circuit and the cell. The resistance of the 
cell is determined by carrying measurements at a frequency 
which should be sufficiently high (6000 cycles per sec. for 
example) to reduce the polarization impedance virtually to 
zero. From these experimental data one determines the 
current i'p by the following method. 

Trace (Fig. 1) a circle having OE = j ' t as radius, and con
struct the lines OF and OD at 90 and 45°, respectively, with 
respect to the arbitrarily traced radius OB. Construct OF 
= J0 and trace FE parallel to OD; this construction yields 
point E and the vectors it and i„. Trace a circle of radius 
OA equal to amplitude v. The ohmic drop OG is constructed 
on vector OE, and GA parallel to OB is traced; the intersec
tion A with the circle having v as radius determines the vector 
OB representing the voltage applied to the cell. The al
ternating polarographic current ip corresponding to an al
ternating voltage of amplitude v is obtained by applying the 
equation 

OA 
(^corrected = O D X Q g (12) 

I t should be added that the value of j<. which is obtained 
from a measurement with the supporting electrolyte alone is 
larger than the capacity current to be plotted in the diagram 
of Fig. 1. The former value of J0 is obtained in an experi
ment in which the ohmic drop is smaller than the one existing 
during the actual measurement with the reducible sub
stance. As a result, the capacity current thus obtained is 
too large, but the error is negligible at low frequencies (6 
cycles per sec.) and for ohmic drops not exceeding 2 milli-

(14) For a discussion of such diagrams see for example: L. Page and 
N. I. Adams, Jr., "Principles of Electricity," 2nd Ed., D. Van Nos-
trand Co., Inc., New York, N. Y., 1949, p, 453, 
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volts. Whenever necessary, results can be corrected for 
this cause of error by the following method. The diagram 
of Fig. 1 is constructed, and an approximate value of ip is 
obtained. A new value of ic taking into account the ohmic 
drop e in the circuit is calculated, and the diagram is re
drawn on the basis of this corrected value of ic. 

Finally, the differential double layer capacity in the case 
of the deposition of a metal (formation of an amalgam) 
could possibly differ from the capacity for pure mercury. 
The resulting error, however, is negligible. 

Magnitude of Capacity Current and Ohmic Drop.—It is 
of interest to determine the order of magnitude of the cor
rections for the capacity current and ohmic drop. 

If the voltage applied to the cell is r sin at the capacity 
current is 

*'„ = 0.00852WVi7-ViC1 av sin {at + TT/2) (13) 

where the units are the same as in equation (10), and C\ is 
the differential capacity (per unit area) of the double layer 
a t the half-wave potential. Dividing (13) by (10) yields 
the ratio of the capacity current J0 to the alternating po-
larographic current i9. By introducing in the equation 
thus obtained the approximate values C\ = 20 microfarads 
cm. ~215 and D = 10~5 cm.2 sec. ~ \ the ratio ia/i„ becomes 

! ' = 3 . 4 X 1 0 " ' ^ 
in nCo 

(14) 

The capacity current can be disregarded when the ratio 
ic/ip is very small. If one takes, for example, ir/i„ = 0.01 
it is seen from (14) tha t , even at low frequencies (6 cycles 
per sec ) , the capacity current cannot be neglected unless the 
concentration is larger than 0.5 millimole per liter. 

The ohmic drop can be calculated by using the approxi
mate value (Fig. 1) 

1 . 
U & «P + 21A' (IS) 

By combining (10), (13) and (15), one obtains 

^i* = 0.0160 WmViT8AT)1AC0 a
l/:R"+ 0.0085mViCi uR 

(16) 

Introducing in this equation the approximate values C\ = 
20microfarads c m . - 2 , D = 10 " ' c m . ^ e c . ^ m V i r V i = 3 mg., 

Fig. 2.—Apparatus for measuring alternating polaro-
graphic currents: Ri, 0-111,111 ohm decade box; R2, 
22,000 ohms; R3, 6 ohm calibrated resistor; R4, 0-9999 ohm 
decade box; R5, 5000 ohms; Ci, 1000 microfarad electro
lytic condenser, 35 volts; POL, manual polarograph; OSC, 
oscillator; A, preamplifier; C.R.O., cathode-ray oscillo
graph. 

one reaches the conclusion that the ohmic drop is negligible 
when the concentration is smaller than 0.1 millimole per 
liter, provided that the frequency is low (6 c.p.s.) and the 
resistance of the circuit docs not exceed a few hundred ohms. 

Summarizing, at relatively high concentrations (about 
0.5 millimole per liter), the capacity current can be neglected, 
but the ohmic drop cannot. Conversely, the ohmic drop can 
be disregarded when the concentration is relatively low (less 
than 0.1 millimole per liter), but the capacity current can
not be neglected in this case. 

Experimental 
The above theory was verified by using the apparatus of 

Fig. 2. The polarographic cell connected to switch Si was 
polarized by means of the manual polarograph POL (Sar
gent, model I I I ) . Resistances R3 and R4 were connected 
in series with the cell, and an alternating voltage having an 
amplitude of approximately 0.005 volt was developed across 
resistance R3. This alternating voltage was supplied by a 
precision oscillator (Hewlett-Packard, model 200 I) whose 
fiequency was adjustable from 6 to 6300 cycles per sec. 
The amplitude of the alternating current through the po
larographic cell was determined by measuring the ohmic 
drop in decade box R4 with a cathode-ray oscillograph (Du-
Mont, model 304 H) connected to a preamplifier (gain 20). 
The, height of the trace on the screen of the oscillograph was 
adjusted to a known arbitrary value (corresponding to the 
maximum size of the drop) by varying R4, the polarographic 
cell being inserted in the circuit; switch Si was then re
versed and resistance Ri was adjusted to produce a trace of 
the same height as the one obtained with the cell in the cir
cuit. The current n was calculated by applying Ohm's law, 
noticing that the total resistance in the circuit was Ri + R3 

+ R4 + X {X resistance of polarograph with potentiometer 
j) 

set at £i/»). a r l cl that the applied voltage was 21A V——:—.T-
K3 + Ki 

{ V, r .m.s. voltage at the output of oscillator OSC). The 
capacity current was determined by the same procedure, 
the cell being filled with the supporting electrolyte alone. 
The corrected value of ip was determined by the graphic 
procedure described above, the ohmic drop in the circuit 
being calculated by the equation 

= i, {Rt + X + R0) (17) 

(15) See for example 15. C. Oralmine, C.hem. Revs , 41, 441 (1947) 

in which R0 represents the resistance of the cell. The latter 
was determined by measuring it at 6000 cycles per sec. (see 
above). Whenever necessary, the alternating polaro
graphic current was calculated by two successive approxi
mations as described above. 

The polarographic cell (H type) was not immersed in a 
constant temperature water-bath to avoid a stray capacity 
which would not have been entirely negligible at the highest 
frequencies used in this study. In analytical applications, 
however, a water-bath could be used because the frequency 
would be low (6 cycles per s ec ) . In the present work the 
temperature was 25 ± 2°. 

The supporting electrolytes were as follows: 3 molar po
tassium chloride in the experiments with Cd1^+ ion; 1 molar 
potassium oxalate + 2 molar potassium nitrate in the re
duction of ferric ion; 3 molar potassium nitrate in all other 
cases. It was observed that gelatin causes a marked de
crease in-the alternating polarographic current, probably 
because of a decrease in the rate of the electrode process.9 

Consequently no gelatin was added to the solution being 
studied by the present method. Conventional waves for 
these solutions, however, were recorded in presence of 0 .01% 
of gelatin. 

The characteristics of the capillary were as follows: m = 
1.29 mg. s e c - 1 , r = G.04 sec. in 3 M KCl at - 0 . 6 7 8 volt 
{vs. S.C.E.). The alternating polarographic currents were 
measured at the following potentials {vs. S.C.E.): Cd + + , 
- 0 . 0 7 8 ; Pb + +, - 0 . 4 2 8 ; Tl \ -0 .480 ; F e ( + 3 ) , - 0 .230 ; 
and Cu + +, -0 .040 volt. 

It should be pointed out that the apparatus used in the 
present study was constructed by making use of available 
equipment. Actually, the present set-up is not to be recom
mended for analytical applications because of its relatively 
low degree of accuracy (see below). In such applications, 
instruments composed of a low frequency phase shift oscilla
tor6 and a vacuum tube voltmeter would be more adequate 
and less expensive than the present apparatus. 
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Description and Discussion of Results 
The present theory was verified for a few elec

trode processes which can be regarded as virtually 
reversible. A set of typical 'data is given in Table 
I, and other results are presented in Figs. 3, 4 and 

C.p.S 

6 
9 

16 
25 
36 
49 
64 
81 

TABLE 1 

DATA FOR 1 MILLIMOLAR C d + + IN 

it, ic, 
micro- micro-
amp, amp. 

8.36 0.17 
9.56 .27 

10.05 .48 
13.34 .77 
14.65 1.12 
15.60 1.51 
16.70 1.98 
17.40 2.51 

ip, 
micro-
amp. 

8.30 
9.40 

10.35 
12.80 
13.90 
14.70 
15.30 
15.80 

milli
volts 

2.06 
2.30 
2.47 
3.01 
3.24 
3.42 
3.63 
3.74 

3 MOLAR KCl 

milli
volts 

3.55 
3.30 
3.15 
2.05 
2.45 
2.20 
2.05 
1.85 

Cor
rected t'p, 

micro-
amp. 

12.1 
14.7 
17.0 
25.0 
29.4 
34.6 
38.6 
44.3 

" Ohtnic drop. b Voltage actually applied to polarization 
impedance; total voltage on terminals of Rs (Fig. 2) was 
v = 5.17 millivolts. 

From the data of Table I one draws the important 
conclusion that the magnitude of the measured 

current it is markedly different from that of the 
corrected alternating polarographic current ip. 
The difference between it and ip is very large at 
relatively high frequencies (50-100 cycles per sec), 
but even at low frequencies (6 cycles per sec.) 
there is a marked discrepancy. Therefore it is 
essential to make corrections for the capacity current 
and the ohmic drop. 

Figures 3 and 4 show that the alternating polaro
graphic current is proportional to the square root of 
the frequency.16 Figure 3 also shows that current 
ip is proportional to the concentration of reducible 
substance. The above two conclusions are in 
agreement with equation (10). 

Equation (10) was applied to the data of Figs. 
3 and 4, and currents approximately equal to one-
half the experimental values were obtained. This 
discrepancy results from the approximate nature of 
the present derivation (see comments about equa
tion (6)). 

Fig. 3.—Variations of the alternating current with the 
square root of frequency for the reduction of cadmium ion: 
I, 2 mM; I I , 1 mM; I I I , 0.5 m M ; IV, 0.2 m M ; V, 0.1 

Fig. 4.—Variations of alternating polarographic current 
with square root of frequency: I, 1 m M P b + + ; I I , 1 m M 
C u + + ; I I I , I m A f T l + ; IV, F e ( + 3 ) . 

Phase shifts <p were measured on the current-
voltage diagrams (Fig. 1) for cadmium (Fig. 3), 

(16) The departure from linearity at 81 and 100 cycles per sec. for 
curve III probably resulted from" the presence in solution of traces of a 
strongly adsorbed substance which caused a decrease in the rate of the 
electrode process (see Randies' work, ref. 9). 
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and the angle <p for this case is plotted against the 
square root of frequency in P"ig. 5. This diagram 
shows tha t ^ increases with the frequency a t low 
concentrations of reducible substance (0.1 millimo-
lar), and that , at high concentrations, <p decreases 
when / is increased. These observations can be 
explained in the following manner. 

0 5 IO 
f> 

Fig. 5,--"Variations of phase shift with square root of fre
quency for the data of Fig. 3. 

At relatively high concentrations of reducible 
substance, the alternating polarographic current 
is much larger than the capacity current even at 
frequencies as high as 81 cycles per sec. (Table I ) . 
As a result, the phase shift between I1 and the 
voltage applied to the polarization impedance is 
slightly smaller than 45°. The ohmic drop in the 
cell is relatively large (Table I) , however, and con
sequently the angle <p is small (see Fig. 1). Thus, 
the decrease of <p with increasing frequencies is 
caused chiefly by an increase in the ohmic drop. 
At low concentrations, the capacity current is not 
negligible in comparison with the alternating 
polarographic current, but the ohmic drop is rela
tively small. Consequently ip increases with 

frequency. At low frequencies the angle *J ap
proaches 45° regardless of the concentration. This 
is the value of <p one would obtain if there were no 
ohmic drop in the circuit and no double layer 
capacity (equation (10)). 

A phase shifter was not available, but the former 
conclusions were verified qualitatively by forming 
Lissajous pat terns on the screen of the oscillo
graph. 

Conclusion 
The present t reatment is of interest since alter

nating polarographic currents seem to offer some 
advantages over the other methods of derivative 
polarography developed thus far. These methods 
involve either a twin dropping mercury electrode 
device17 or a capacity differentiating circuit.11 

The former method is not satisfactory because of 
the difficulty of synchronizing the two dropping 
mercury electrodes,10 whereas the latter method 
does not give a sustained reading and requires a 
recording device. The method, whose theory is 
reported here, does not have these disadvantages, 
although it requires a large capital outlay. How
ever, satisfactory results with the present method 
cannot be expected unless the proper corrections 
for the ohmic drop and the capacity current are 
made. 

The present t reatment was solely concerned with 
so-called reversible electrode processes, and this 
work should also be extended to cases involving 
large overvoltages.9 This mat te r is being investi
gated . 

ADDED IN PROOF.—Since the preparation of this 
manuscript an important work on the theory of the 
faradaic admit tance has been made available under 
the form of a report to the Office of Naval Re
search.-" 
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